SYMMETRIES OF COLORED KHOVANOV-ROZANSKY HOMOLOGY

ALEXIS GUERIN AND FELIX ROZ

ABSTRACT. We construct an action of the positive half of the Witt algebra on colored gl -Khovanov—
Rozansky homology and prove that this action is compatible with the functoriality of colored link
homology. To establish this result, we use Bar-Natan’s framework of canopolies to formulate and
prove the relevant statements at the level of tangles.
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1. INTRODUCTION

1.1. Goal of the paper. Khovanov’s categorification of the Jones polynomial [KhoOO] led to the
development of different homological theories. Khovanov and Rozansky introduced a link homology
theory that categorifies the gly Reshetikhin—Turaev invariant [KR08a, KR08b]. The colored version
of this homology was introduced by Yonezawa [Yonll] and Wu [Wu09], where the color refers to the
k-th quantum exterior power of the standard Ug(gly)-representation assigned to each component of
the link. The construction of Lie algebra actions on this homology was initiated by a conjecture of
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Gorsky, Oblomkov, and Rasmussen [GOR13], which relates colored link homologies to characters of
representations of affine Lie algebras. In this paper, we establish the following theorem.

Theorem 1.1. The colored gly-Khovanov—Rozansky homology is a representation of the positive part
of the Witt algebra and this structure is invariant under links isotopies.

Moreover this construction gives a functor from a category of colored links with additional decora-
tions called red dots to the category of Witt-modules.

Colored links in R? with red dots Witt-modules
Cobordisms Witt equivariant maps

1.2. Webs and foams. Colored Khovanov—Rozansky homology is a categorification of the quantum
gly Reshetikhin-Turaev link invariant colored by exterior powers. Since its original construction in
terms of matrix factorizations [KR08a, KR08b|, Khovanov—Rozansky homology has been studied from
several complementary perspectives, including higher representation theory, algebraic geometry, and
symplectic geometry [SS06, Man07, CK08a, CK08b]. In particular, it can be formulated via a complex
of webs and foams, making the local structure of the theory and its functorial properties manifest
[ETW18].

The foam formulation of link homology was first introduced by Khovanov for sl3 homology [Kho04].
This construction was subsequently extended to higher-rank link homologies by several authors [KR07,
KRO08a, KR08b, MSV09, QR16]. The construction used in this paper is based on the Robert—Wagner
foam evaluation [RW20] which categorifies MOY evaluation [MOY98], and uses the universal construc-
tion of [BHMV92].

1.3. Locality via canopolies. The foam formulation is closely related to the cobordism-based ap-
proach to Khovanov homology developed by Bar-Natan [BNO05] and can be used to provide a local,
tangle-based framework for studying link homology. A convenient formalism for local considerations
is given by the language of canopolies, which categorify Jones’s notion of planar algebra [Jon21]. This
framework was used in the context of suz homology by Morrison and Nieh [MNO8], for colored Kho-
vanov homology by Carmen [Capl4]| and for odd Khovanov by Ebert and Schelstraete [ES25]. It
was subsequently adapted to the matrix factorization formulation of Khovanov—Rozansky homology
by Webster [Web07]. In the setting of colored Khovanov—Rozansky homology, Ehrig, Tubbenhauer,
and Wedrich developed the corresponding tangle and foam version of this framework and used it to
establish the functoriality of colored Khovanov—Rozansky homology [ETW18].

The canopoly framework is essential for the formulation of the so-called blist hypothesis of Propo-
sition 5.15. This hypothesis was first established by Qi, Sussan, Robert, and Wagner [QRSW21] in
the setting of Soergel bimodules. We follow the same general strategy, using the blist hypothesis to
extend the arguments of the uncolored case developed in [GR25] to the colored setting.

1.4. Symmetries of link homology. Various symmetries have been constructed on link homolo-
gies, starting with the action of a positive part of the graded Witt algebra on HOMFLYPT homol-
ogy introduced by Khovanov and Rozansky [KR16]. Further symmetries have since been discovered
[GHM24, GLW18, CG24, KS25, ES25]. In [QRSW23], Qi, Robert, Sussan, and Wagner constructed
action of the sly on gly-Khovanov-Rozansky homology, providing p-DG structures in positive charac-
teristic.

Here, we study the action of the positive part of the Witt algebra, denoted by 2J_1, following the
work of Qi, Robert, Sussan, and Wagner [QRSW25]. This algebra is also known as a Cartan-type Lie
algebra, often denoted by W for example in [Rud74]. It acts naturally on symmetric polynomials, and
this action can be extended to foams via the Robert—Wagner evaluation [QRSW25], and subsequently
to the uncolored gly-Khovanov—Rozansky homology [GR25].

The Lie algebra 20_; is generated by a countable family of operators (Lj)r>_1, several of which
have already appeared in the study of link homologies and related structures. Building on the results
of [KR16], the generator L; was used to define a p-DG structure on HOMFLY-PT homology and
gl_,-homology, leading to categorifications of the Jones and colored Jones polynomials at roots of
unity [QRSW21, QS22]. Similarly, the generator L_; in [QRSW25] coincides with the operator V
introduced by Wang [Wan24], extending earlier work of Shumakovitch [Shul4].
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1.5. Structure of the paper. In Section 2, we recall the definitions of webs and foams and define a
collection of categories denoted by Foam. We also recall the Witt action on foams, originally defined
in [QRSW25].

In Section 3.1, we define the notion of a canopoly following the work of [BN05], and in Section 3.2,
we construct the canopoly Foam® ~* This canopoly has the same objects as Foam, but we only retain
foams that behave “nicely” with respect to the Witt action.

Section 4 summarizes the notions of Maurer—Cartan elements and their application to foams, which
we call red dots. These elements allow us to construct more 20_;-equivariant foams. This leads to the
definition of the canopolies rFoam®™-! and the relative homotopy canopoly.

Sections 5 and 6 are devoted to constructing the complex that we associate with each tangle. To
prove the invariance under Reidemeister moves of this complex, we use the blist hypothesis from
Section 5.3 to reduce the argument to the uncolored case treated in [GR25].

Finally, the functoriality statement of Section 7.5 is preceded by four sections devoted to proving
the sliding lemma of Proposition 7.4. This result allows us to slide red dots along tangle diagrams and
construct the canopoly rTD. To prove this lemma, we need to extend the original canopoly of webs
and foams by adding dots and trajectories. This new canopoly, denoted by Foamz, allows us to work
with new variables that are not involved in the decoration of foams.

1.6. Acknowledgment. We would like to thank Louis-Hadrien Robert, Joshua Sussan and Emmanuel
Wagner for advising us on this project. We thank the authors of [QRSW23] and [QRSW25] for allowing
us to use the diagrams from their papers. The second author was partially supported by NSF grant
DMS-2503714.

1.7. AT usage. Al was used solely to correct language errors in this paper.

1.8. Notations. Let us denote by N the non-negative integers, N* := N\ {0}, and N_; :=NU {-1}.
Let N be a natural number which is fixed throughout the entire paper.

Let R be a unital ring in which 2 is invertible. For all z € R, set 7 :=1 — x.

The symbol I denotes the interval [0, 1].

For k € N, let us denote by Symy, := R[zy,..., 2] the ring of symmetric polynomials with R
coefficients in k variables. When working in such a ring, we will let e;, h;, and p; be the ith elementary,
complete homogeneous, and power sum symmetric polynomials respectively without reference to the
variables. The ring Symy is graded by imposing deg(z;) = 2.

We often work with polynomials in N variables, where N is our fixed natural number. In this case,
we write Ry := Symy, and refer to the variables, the elementary, complete homogeneous, and power
sum symmetric polynomials with capital letters: X;, E;, H;, and P; respectively.

For n € Z, and ¢ a formal variable, let [n] := L= = 2?2—01 q" 172 for k € N, we let [k]! =

q—q!
Hk [7]. Finally, for m € Z and a € N, define:

_ [m] = ﬁ 412 ¢ gl

of ol
Note that if m is non-negative, one has [T(ﬂ = %

For a Z-graded module M, let M, denote the subspace in degree i. Let ¢" M denotes the Z-graded
module where (¢"M); = M;_,.
Complexes will be taken to be cohomologically graded. In other words, the ith differential goes
from C; to Cj41. For a complex C, we let 'C denote the complex with (¢'C); = C;_;.
2. THE WITT ACTION ON FOAMS

2.1. Webs and foams.

Definition 2.1. A web is a finite, oriented, trivalent graph I" properly embedded in D, together with
a N*-labeling of edges satisfying a flow condition at every vertex:

(1) ;L& and Y
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The boundary of a web is its intersection with the boundary of D,. Vertices on the boundary must
have index 1. A closed web is a web with empty boundary.

Remark 2.2. In web diagrams, edges of thickness 1 will be represented by an unlabeled edge (—)
and edges of thickness 2 will be represented by unlabeled double edges (—). See, for example, Figure
2.

The marked point and orientation of D, determines an order on the points of JD,, called the
ortented order.

e

F1cURrE 1. Example of the oriented order on five points of 9D,. The numbering here
refers only to the order, not to the thickness of an edge.

With this order the boundary of a web I' can be described by a finite sequence of non-zero integers,
w:= (u,...,u,) of length n. The integer u; determines the label and the orientation of the edge of I"
connected to the ith boundary point. Negative labels correspond to outgoing edges and positive labels
correspond to incoming edges. Empty sequences are allowed and are used to represent the boundary
of closed webs.

FIGURE 2. Example of a web with boundary v = (—1,—1,1,1).

Definition 2.3. The oriented 2-dimensional CW-complexes in D, x I shown in Figure 3 are called basic
foams. The 2-cells are smoothly embedded oriented surfaces called facets. Each facets f is assigned a
thickness ¢(f) € N* and a polynomial Q; € Sym?(f) ® Symly_y s called a decoration. The interior
1-cells are smoothly embedded arcs with index 3 called bindings. The orientations of bindings are
induced by those on the thin facets and by the opposite of that on the thick facet. The interior O-cells
are called singular vertices.

Remark 2.4. Every basic foam has a degree, denoted degy, given in Figure 3.

Definition 2.5. Let I be a web and let h: D, x I — D, be a smooth, boundary-preserving isotopy of
D.. The subspace F(h); := h([',t) in D, x I is called a trace of an isotopy of T'. The N*-labeling and
the orientation of the web define the thicknesses and orientations for the facets and bindings of F'(h).
The degree of the trace of any isotopy is 0.

Definition 2.6. A foam F C D, x 1 is a finite collection of basic foams and traces of isotopies glued
together along their boundaries with common labels. The intersection of the foam with 0D, x I is a
collection of vertical arcs. Decorations are multiplied and degrees are added under gluing.

The boundary of a foam F' C D, x I contains a web in D, x {0} and a web in D, x {1}. A foam
can be viewed as a “singular cobordism” between two webs and the following family of categories is
defined:

Definition 2.7. For a given boundary data u, let F%;n(u) be the category whose objects are webs in
D, with boundary v and whose morphisms are foams in D, x I modulo ambient, boundary-preserving
isotopy. Composition is given by stacking and identities are given by cylinders on webs. The category
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a+b+c @ @ a+b+c
b b
Q1 ® Q2 4 h
[0,1]
.
polynomial associativity associativity
deg(Q1) + deg(Q2) 0 0
= a+b
b
a-+b

4 a-+b
digon-cup digon-cap unzip

—ab —ab ab

a+b
, a
zip cup cap saddle
ab —a(N —a) —a(N —a) a(N —a)

FIGURE 3. The degree of a basic foam is given below its name.

F/oa\rn(u) is formally extended to the category Foam(u) by taking an additive, Ry-linear closure,
adding formal Z-grading shifts and imposing the local foam relations defined by Robert—Wagner eval-
uation [RW20].

Notation 2.8. For two webs I' and I with the same boundary, we denote by foam(I',I”) the space
of morphisms from T" to IV, and by foam(T') the endomorphism of T in Foam(u).

2.2. The Witt algebra.

Definition 2.9. Let 20 be the Lie algebra over R generated by symbols (L, ),cz with bracket

(2) [Lpn, Lin] := (0 — m) Ly gm.

This algebra is called Witt algebra. Let 20_; denote the Lie subalgebra generated by symbols (Ly, )n>—1.

The Lie algebra 20_; acts on polynomial rings. For any @ € R[z1,...,z], let

k aQ
O = — ntl 7%
(3) Ln Q T in (Q)xz

i=1

Note that the subspace Ry, ..., zx]5* is fixed by this action.

2.3. The action on foams. Fix s, A € R and let \,, := A(n+ 1). Using these distinguished elements,
the following operators L,, are defined on basic foams:

a a

(4) L, . =

L ]
P ® P Ly - (P1® P2)




a+b+c
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(11) L,

These operators are defined to be 0 on traces of isotopy and extended to gluings by the Leibniz rule.
Proposition 2.10 ([QRSW23, Prop 4.3]). Let F' be a closed foam, then for alln € N_;
(12) (L, -F)x =L, - (F)n.

Proposition 2.11 ([GR25, Prop 3.6]). Let T',T” be two webs with the same boundary. The operators
L, define a 20_1-action on the Ry-module foam(T,T). Moreover, for any foam F:

degpn (Ly, - F) = 2n + degy (F).

Remark 2.12. In [QRSW23] and [GR25], the action of 20_; on foams depends on three parameters
(A, i, 8). Here we set A = pu for reasons detailed in Remark 5.2.

3. LocALITY

3.1. The canopolis. The canopoly structure that we introduce in this section was first introduced by
Bar-Natan in [BNO5] and can be seen as a categorification of Jones’s notion of planar algebra [Jon21].

Definition 3.1. A d-input colored planar arc diagram D consists of a disk called the output with d
disjoint disks called inputs removed and a finite collection of oriented arcs properly embedded in the
complement of the inputs. The input disks and arcs are labeled by nonnegative integers. Arcs begin
and end on the boundary of D.

FIGURE 4. Example of a colored planar arc diagram.

Definition 3.2. A colored planar algebra is a collection of sets (P(u)), indexed by finite sequences of
integers together with a function

D:Pu) X ...x Plug) = P(u),
for each d-input colored planar arc diagram D with the boundaries of the input disks described by u;,
and the boundary of the output disk described by wu.

Definition 3.3. A colored tangle diagram is an oriented tangle diagram 7' in D, with components
labeled by positive non-negative integers and boundary described by a finite sequence of non-zero
integers u = (ug, ..., uy).

Definition 3.4. A colored web—tangle diagram with boundary u is a colored tangle diagram with
boundary u from which a collection of disjoint open disks (D), has been removed and replaced by
webs (T'g ) having the same boundaries as the removed tangles and the color of the tangle matches the
labels of the webs. The data (D, T'x)x is called the web part. It is considered up to the equivalence
relation on web parts generated by:
(Dr, Ti)rex ~ (Dj,Tj)jes

if for all k € K there exists J' C J such that

U DjcDe and Ty=(Dp\ | Dj)(Tj.5€]),

jeJ’ jeJ’
where Dy, \ Uje D, is regarded as a colored planar arc diagram applied to the web (I';);e .
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FIGURE 5. Example of a colored tangle diagram with v = (2,4, -1, -2, —1,1,1, —4).

FIGURE 6. A colored web-tangle diagram with v = (3,1, —1,—-3,—1,1,1, —1) with its
web part in blue.

Example 3.5. Let wt(u) be the collection of all colored web-tangle diagrams with a boundary sequence
u. The collection (wt(u)), indexed over all boundary sequences u is a colored planar algebra. The
action of a colored planar arc diagram D is given by the horizontal composition of web—tangle diagrams
with the matching labeled boundary components of D.

Example 3.6. Similarly, the collection (w(u)), of webs in D, forms a planar algebra.

FIGURE 7. Map induced by a colored planar arc diagram that goes from wt(1, —1) x
wt(2,—1,—1) x wt(—2,1,1) to wt(1,1,-1,-1).

Definition 3.7 ([BNO05]). A colored canopoly is a collection of small categories C' := (C(u)),, such
that,

1. (Obj(C(uw)))y is a colored planar algebra,

2. (Morph(C(uw))),, is a colored planar algebra,

3. the planar algebra operations commute with the compositions in the various categories.

Example 3.8. Building on the Example 3.5 of the colored planar algebra wt(u), define the colored
canopoly WT := (WT(u))y:
e The objects of WT(u) are the elements of wt(u).
e The morphisms of WT(u) between two colored web-tangles with the same web part (D, T'x ),
are cobordisms between tangles where a collection of disjoint cylinder (Dj x I); has been
removed and replaced by (I'y, x I)i.
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e The categorical composition is given by gluing morphisms vertically
e The planar algebra operations is given by gluing objects or morphisms horizontally.

Example 3.9. A colored canopoly associated to Example 3.6 is the collection of categories (Foam(u)),,
denoted Foam. The action of a planar diagram at the level of morphisms (on foams) is given by vertical
composition, which is the identity on all edges involved in the planar diagram.

The proof of Proposition 3.10 is left as an exercise. Nevertheless, it follows the same ideas as those
used in Example 8.4 of [BN05] and Theorem 2.1 of [Web07].

Proposition 3.10. Let (C(u)), be a colored canopoly, then the collection of the homotopy category of
the categories C(u) is also a colored canopoly.

Definition 3.11. A morphism of colored canopoly between (C(u)), and (C’(u)), is a collection of
functors (Fy, )y, where F,, : C'(u) — C’(u), which commute with the operators defined by colored planar
diagrams.

3.2. Between topology and algebra. If we restrict our work to links (and not tangles), only closed
webs appear so we can use the Robert—Wagner evaluation defined in [RW20] to associate to each closed
web T' a graded Ry-module. This module is denoted by Fn(T') and called the gly-state space of T.
This construction is functorial:

Fn : Foam(@) — Ry-modg,
I'— Fn (F)
(r LN r’) — (J-"N(F) fo-, fN(F’)) .
This functor is compatible with the 20_;-action on foams.

Theorem 3.12 ([QRSW25, Theorem 4.4]). For any closed web T', the operators (L, )n>_1 induce an
action of W_1 on the state space Fn(T').

For a foam F' to induce a morphism of 20_;-modules between state spaces it is explained in [GR25]
that the Witt action on F needs to be trivial. This remark leads us to the following definition.

Definition 3.13. Let Foam¥™ ! (u) be the subcategory of Foam(u) whose objects are the same but
whose morphisms are only those Ry-linear combinations of foams F' such that for all n € N_j:

L, -F=0.
Such a foam is called QU _1 -equivariant.
Remark 3.14. In the case of u = &, we can restrict the functor Fy such that:
FN: Foammfl(g) — Ry#20_1-mod,

where the arrival category is a category of 20_;-module describe in [GR25]. In other words we have
the following commutative diagram:

Foam™ - (2) — Foam (o)

(13) le lfN

Ry#20_1-mod _For | Ry-mod

where For is the forgetful functor.

Proposition 3.15. The collection of categories (Foamm]’l(u))u is a canopoly denoted Foam™ 1.

Proof. The canopoly structure is inherited by the one on (Foam(u)),. The only thing to check is
that the horizontal composition of 20_;-equivariant foams produces a 2J_-equivariant foam. This is
straightforward as the Witt action respects the Leibniz rule for both vertical and horizontal composi-
tions of foams. O
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4. RED DOTS

4.1. Twisted actions. This section reviews the notions of Maurer—Cartan elements and red dots. See
[GR25] for a more extensive discussion.

By the proposition of Section 2.3, the categories Foam(u) are enriched in 20_1-modules. That is,
20 _1 acts on every hom space by derivations with respect to composition.

Definition 4.1. A Maurer—Cartan element for an object V of Foam(u) is an R-linear map « : 201 —
foam(V, V) such that, for all X,Y € 25_;:

ax,y] = [Ozx,Oéy] + XO[Y - Yax,
where ax denotes the endomorphism that « assigns to X and [, | in foam(V') is the commutator.
A Maurer—Cartan element “twists” the 20_; action in the following sense.

Proposition 4.2 ([GR25, Lem 2.6]). Let (V,a) and (W, 3) be pairs of objects of Foam(u), and
Maurer—Cartan elements. The following defines a new 20_1-action on f € foam(V,W):

(14) X-f=Xf+PBxof—-foax

For notational convenience we introduce a diagrammatic formalism to track specific Maurer—Cartan
elements.

Lemma 4.3 ([GR25, Lem 4.5]). Suppose I' is a web with an a-labeled edge e. Let p,(:) and ﬁ:) denote

the foams I' X1 decorated by the power sums py, € Symg and pr, € Symy—_, respectively on the thickness
a facet. The following three maps define Maurer-Cartan elements for T.

o A hollow red dot
O:L,+— — Zpk pn k-

e A solid red dot
©:Lp—— Zpk ﬁne)k
o A triangular red dot
ALy = —(n+1)p®

Definition 4.4. A red-dotted web is a web I' endowed with a finite collection & of red dots labelled by
elements of R on the interiors of the edges of I" representing linear combinations of the Maurer—Cartan
elements defined in Lemma 4.3.

The twists induced by red dots can be expressed schematically:

(15) Lox| | =Ly ~w > feprepa-
k=0

(16) Lx| ° =1L, ~ w0 lopr 0 -
k=0

(17) Lox| ° |=Ln- ~wn+1)|  ep,

Remark 4.5. Following Proposition 4.2, the twists from red dots on the target web of a foam are
subtracted, while the twists on the source web are added. By the Leibniz rule, red-dotted twists are
additive.

Definition 4.6. To Simplify computations, we introduce the following notation:

a+b a+b

N e k-

a+b a+b

ME IS}
NIt

@}E—Q»
w[E
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a b a b a+b a+b
W o= 2 2 and w . X2
T2 2 2

a+b a+b a b a b

The following is direct consequence of dot migration [RW20, (11)].
Lemma 4.7. The following objects are isomorphic in rFoam™~*((—b, —a,a + b)):

a+b a+b
(18) Y Y and A A
a+b a+b
Lemma 4.8. The following objects are isomorphic in rFoalmQIU*I((—l7 1)):

(19) X L= 2

1

Proposition 4.9 ([GR25, Cor 4.2]). Let (I',2) and (I",2') be two red dotted webs with the same
boundary. Let T and 7' denote the Maurer—Cartan elements determined by 2 and &', respectively.
Then F € foam(T',T”) is 2 _1 -equivariant on state spaces if and only if, for alln € N_;

(20) Ln*F::Ln-F—l—TLnoF—FoT/L":O.

Example 4.10. The two following foams:

a—+b
b
and

a

b
induce two 2J_;-equivariant morphisms:

a b

b aX

X — —
=S
a b

a b

More examples of this type can be found in Section 4.3 of [GR25]. We recall that, compared with the
uncolored case, we set A = p.

Definition 4.11. Let rFoam(u) denote the 20_j-enriched category consisting of pairs of objects
and Maurer—Cartan elements in Foam(u) with the 20_;-actions on morphisms defined by (14). Let
rFoam®™ ! (u) be the subcategory of rFoam(u) whose morphisms are only those which are killed by
W_4.

The proof of Proposition 4.12 is the same as that of Proposition 3.15.

W1

Proposition 4.12. The collection of categories (rFoam™ ' (u)),, denoted rFoam is a colored

canopoly.
4.2. The relative homotopy category.
Definition 4.13. Let For denote the following two functors that forget red dots and the 20_;-action.

For : rFoam® - (u) — Foam(u),
For : C(rFoam™ ' (u)) — C(Foam(u)).

Definition 4.14. The relative homotopy category is the Verdier quotient

C(rFoam™ ! (u))

CW (rFoam(u)) := Ker(For)
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The universal property of the Verdier quotient provides the following commutative diagram:

C(rFoam™ - (u)) T C¢(Foam(u))

//7
(21) \ 7 ,

C¥-1(rFoam(u))

The proof of Proposition 4.15 relies on the definition of Verdier quotient categories given in [Nee0l,
Chap. 2], in particular on the construction of morphisms in these categories. The key point is that the
homotopy categories of complexes inherit an action of colored planar arc diagrams.

Proposition 4.15. The collection of categories (C*-1(rFoam(u))), denoted C¥*-1(tFoam), is a
colored canopoly.

Proposition 4.16 ([QRSW21, Lem 2.3]). The Verdier quotient C¥-1(rFoam(u)) is a triangulated
category such that a triangle is distinguished in C*-1(xFoam(u)) if and only if it is isomorphic to

Fu(M) — Fy(N) = Fy(L) = t ' F,(M),

where For(M — N — L) is a termwise split exact sequence in C(Foam(u)).

Corollary 4.17. Let M LN % L obein C(rFoam™ - (u)) such that For(M — N — L) is a
termwise split exact sequence in C(Foam(u)). If L is contractible, then F,(f) is an isomorphism in
C¥-1(rFoam(u)). Similarly, if M is contractible then F,(g) is an isomorphism in C®¥ -1 (rFoam(u)).

5. COLORED KHOVANOV—-ROZANSKY HOMOLOGY

5.1. The complex. To define the colored Khovanov-Rozansky homology, we first associate a complex
in C¥-1(rFoam) to each crossing. Let a,b € N* and m := min(a, b):

Let
b a b a
. —s/2 . 5/2
a — 1 a—J
“Aa —i—1)+s/2 —Xa—j—1)—5/2
5/2 —s/2
DAX(a+b—i—1)—s/2 AX(a+b—j—1)+35/2
(22) C; = a+b-—i i , ClL] = a4b-—j j
s/2 —5/2
D= —1) —5/2 D=XG — 1)+ /2
*\WA*\*;);/S\ “A(b—j—1)—5/2
bt —s/2 b-J 5/2
a b a b
and
(23)  d; =
(24) df =

Define the following pair of complexes for the negative and positive crossings.

/ me— %o m—i— % m—ie1 e Aty
(25) /N =a Cy —...¢"'C; —q¢q Ciiy-.. — Cp,

A~~~
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/\ . + 4t —m—j v+ dtj —m—j+1 v+ dr, —m e+
(26) \ = cr,—...q Cr, —>q Clio. —q "0y
a b

In general, for a colored web-tangle diagram T in WT(u), we associate a complex by assigning locally
to each crossing the corresponding complex, and to each web part the one-term complex consisting of
that web. We denote by cKRW y(T) the complex associated to T in C¥-1 (rFoam(u)).

Remark 5.1. We use the conventions of [ETW18] for the complexes associated to each crossing,
while adopting the quantum and homological grading conventions from [GR25], which are those of the
framed version of Khovanov-Rozansky homology equipped with a 2J_;-action.

Remark 5.2. In comparison with [QRSW23] and [GR25], We set A = p in the definition of the
2 _;—action on foams; otherwise, we would not obtain a recursive expression for the red dots on the
complex.

5.2. cKR-simplicity. We recall that in Section 4.2, the construction of the relative homotopy canopoly
induces the following forgetful canopoly morphism:

(27) F : C¥-1(rFoam) — C(Foam).

The next definition is analogous to the notion of Kh-simplicity introduced by Bar-Natan [BNO05,
Def. 8.5].

Definition 5.3. A web-tangle diagram 7" in WT(u) is cKR-simple if the R-module of endomorphisms
in C(Foam) of its colored Khovanov—Rozansky gly-homology, denoted End(.#(cKRW(T)), is free,
positively graded and End(.# (cKRW(T'))¢ the endomorphisms of degree 0, has rank 1.

We now develop tools to determine which web-tangle diagrams are cKR-simple. To this end, we
follow the same strategy as in Section 8.3 of [BNO5].

Remark 5.4. Observe that .#(cKRWy(T)) is the usual colored equivariant Khovanov-Rozansky
homology of T'. In particular, its invariance under tangle isotopies is ensured by [ETW18].

Lemma 5.5 ([BN05, Lem 8.7]). If two diagrams T and T’ of web-tangle are isotopic and T is
cKR-simple then T' is also cKR-simple.

Definition 5.6. A pairing is a web-tangle diagram that has no crossings, trivalent vertices, or closed
components.

Lemma 5.7. If T is a pairing then it is cKR-simple.

To prove this lemma, we first need to introduce some canopoly operations that will be used in the
proof. For u = (uq,...,u,) a finite sequence of elements of Z*, we denote by —u := (—uy, ..., —uq) the
reversed sequence with each term multiplied by —1. Let D, be the two-input planar diagram whose
two input disks have the boundary u and —u and which connects, by colored arcs with the appropriate
colors, the corresponding boundary points.

For a given web I' in WT(u), let —I' in WT(—u) denote its mirror image with reverse orientation.
We denote by cup(T) the foam in foam (@, D, (T, —T)), obtained by rotating I' by a half-turn.

For T, TV € Foam(u), define the following canopoly operation:

foam(I',I") — foam(@,D,(I’,-T))

(28) bend : ‘ Ja —  Dy(F, Id_F) o cup(T")

Informally, this operation is obtained by bending the entire boundary of the foam to the top of the
cylinder. The inverse operation is obtained by bending this part of the boundary back down. This
inverse operation can also be described using canopoly operations:

foam(a, D, (T’",-T)) — foam (T, TV)

-1 .
(29) bend " : F —  D2?(Idp, cup(—T)) o D?(F,1dy)

where DZ is a colored planar arc diagram with boundary u and two input disks. One input disk has
boundary u, and the arcs are the identity between this disk and the boundary of the output disk. The
second input disk has empty boundary.

Remark 5.8. The morphism bend has quantum degree v := 3", M
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(c) DZ with u = (—2,4,—2,-3,3).

FIGURE 8. Some examples

We can now present the proof of Lemma 5.7.

Proof. If T is a pairing in WT(u), then % (cKRW (7)) is the one-term complex consisting of 7' in
homological degree 0. Thus, a degree 0 endomorphism of this complex is a R-linear combination of
foams of degree 0. Let F be one of these foams. Then bend(F') € foam(@, D, (T, —T)) and has degree:

_Z \Ui|(N2— |uil) _ _ Z wi(N — u;).
1 u; >0

Because D, (T, —T) is a collection of disjoint circles labeled by {u; € u | u; > 0}, as a graded module,
the quantum dimension of foam (2, D, (T, —T)) is [| [N |. In particular, because

u; >0 Lu;
N
k(N—k)

we know that, up to a scalar in R\ {0}, there is a unique foam in the graded module foam(2, D(T, —T))
of lowest degree —3_ _qu;(N — u;), namely the collection of cups with the correct labeling. By

applying bend ™!, which is a degree >, >0 i(N —u;) morphism, to this foam and to bend(F), we find
that F' is the identity foam multiplied by a scalar in R\ {0}. So T is cKR-~simple. O

We do not provide a proof of Lemma 5.9 because, using Remark 5.4, it is identical to the proofs of
Lemmas 8.8 and 8.9 in [BNO05].

Lemma 5.9 ([BNO5, Lem 8.8, 8.9]). Let T be a web-tangle diagram, and denote by TX the web-
tangle diagram obtained from T by applying the canopoly operation that crosses two adjacent boundary
components of T (cf Figure 9). Then T is cKR-simple if and only if TX is cKR-simple.

Lemma 5.10. Let T be a web-tangle diagram, and denote by TY a web-tangle diagram obtained from
T after splitting an external string of T (cf Figure 9). If T is cKR-simple then TY is cKR-simple too.

Proof. For every web I' in the complex associated with TY or T, the edge of thickness a + b induces
an R,yp-module structure on foam(T'), where R, is identified with Symg1,. Lemma 5.12 induces
the following isomorphism of graded R, p-modules:

(30) foam(TY) ~ foam(T') ®r,_, Ra,b)

where R(q,5) := Ra ®Rr Rp. This concludes the proof. O
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i .

FIGURE 9. Some examples of webs that appearing in Lemmas 5.9 and 5.10.

Remark 5.11. The operation of splitting an external string colored by a+b of T into a string colored
by a and another colored by b can be described by canopoly operations. Indeed, this operation consists
in gluing the web-tangle

(31)

to the string in question via the appropriate colored planar diagram denoted D(qp)-

Lemma 5.12. Let T' and IV be webs in Foam(u). Let TY and 'Y be the webs obtained from T’ and
I by splitting the same external edge labeled a + b into an edge labeled a and another labeled b. Let F
be a foam in foam(TY,TVY") then,

(32) F= > (=)D (Fa,m(sa)),
a€T (a,b)

where Fy, is a foam in foam (T, T”), s, is the Schur polynomial associated to the partition o, m(sq) s
the identity foam of T'(q ) decorated by so € Symg on its facet of thickness a.

Remark 5.13. Schematically, the Lemma 5.12 says that we can always decompose a foam F in
foam(T'Y,I"Y) as a sum of foams of the following type:

a

Ll A F e
SR IT T Tasd)

& o

The definition of the s, polynomials is not relevant to the proof of Lemma 5.10. The curious reader
can find details about these polynomials in [RW20].

Proof. We use the canopoly operation (28) to define a foam bend(F’) in foam (2, D,/ (T'Y, ~TI7Y)). The
web on its boundary, D, (I'Y, —I"Y’), contains the following digon, formed by gluing the two blisted
edges:

(34)
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There is a neighborhood of d(q ) in F' such that the restriction of F’ to this neighborhood is the identity
of dqp). Using a local relation from the Robert—Wagner evaluation [RW20], which we recall here:

- 7
=

(35) = > e

[

we obtain that F' = > (—~1)%G,, where G, is the same foam as F, except in the neighborhood of the
digon, where it is modified according to the ath term in the sum of relation (35). Therefore,

(36) F=bend ' (bend(F)) = > (~1)/*bend™*(Ga),
a€T(a,b)

and as suggested in the Equation (35), we can express bend *(Gy) = D4.p)(Fa,m(s4)) where Fy, is
a foam in foam(I',I"), m(s,) is the identity foam of I'(, ;) decorated by s, € Sym, on its facet of
thickness a. g

Remark 5.14. In the case where a = k — 1 and b = 1, the identity of Lemma 5.12 becomes:

N
=

(37) F=, (=D D11y (Fi,mies)).

s
I
=)

5.3. The blist hypothesis. The purpose of this section is to reduce the proof of the properties of
cKRW y to the uncolored case. The idea is to “separate” a colored k—strand of a diagram into a colored
(k — 1)-strand and a 1-colored strand via the blisting procedure:

F1cURrRE 10. Example of a blisting.

This procedure can be described by canopoly operations. Indeed, blistering a colored k-strand of a
diagram consists in gluing the web-tangle I'¢;,_; 1) to the strand in question via the appropriate colored
planar diagram denoted D(;_1 1)

Proposition 5.15 (Blist hypothesis). Let T,T" € WT(u). Let T} and T, € WT(u') be the diagrams
obtained from T and T’ by blisting the same boundary component.

1. T is cKR-simple

2. cKRWn (Tp,) ~ cKRW n(T}) in C*¥-1 (rFoam(u')).
Then,

1. Ty, is cKR-simple

2. cKRWy(T) ~ cKRW 5 (T") in C® -1 (rFoam(u)).

Proof. The first statement is a special case of Lemma 5.10. For the second one, let us denote by
¢ the isomorphism between cKRW y(7;) and ¢cKRW n(7}) in C¥-1(rFoam(u)). This isomorphism
descends to an isomorphism between .# (cKRW n(T3)) and .# (cKRW x(T7)) in C(Foam(u)), which we
will also denote by . Because of the construction of cKRW y, each foams involved in the definition
of ¢, denoted Fj, is a foam between webs that have the I'(,_; 1) part. Each of these foams can be
decomposed according Lemma 5.12:

k—1

(38) Fy = (=) " Dgr 1y (F jmoey).
=0
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Note that the degree of F; ; is —2j. Thank to this decomposition, we can define:

(39) ¥ F(KRWN(T)) = F(KRWy(T') by = (1) 'F.

We denote by Gy the foams defining the inverse of ¢. Then, using the decomposition from Lemma 5.12,
we have

k—1

(40) Ge =Y (~D)" D11y (Geromiey)).

r=0

The composition of Gy, with F; ;, whenever it is defined, gives an endomorphism of cKRW y(T') of
degree —2(j + r). By the simplicity of T, this composition is nonzero if and only if j = 7 = 0. There-
fore, the map 1 is an isomorphism. We need to check that this map is 2J_;-equivariant.

Thanks to the previous considerations, D(;_1,1)(1),m(eo)) and ¢ are both isomorphisms between
cKRWy (T3,) and ¢cKRWn(T}). So ¢! o (D(y_1,1y(¥,m(eg))) is an endomorphism of ¢KRW y(T})
of degree 0, therefore thanks to the first statement, D1, 1y(1), m(eg)) = ap with o € R\ {0}. Hence,

Dg—1,1)((Ln - ), m(e0)) = Ly - (D(—1,1) (¥, m(€0))) = Ly - (ap) = 0,

and because the canopoly operation D(;_1 1)( - ,m(eo)) has a right inverse, we find that ¢ is indeed
20 _1-equivariant. O

Remark 5.16. The blist procedure can be applied inductively to split a k—colored strand into k
1-colored strands. We refer to this procedure as the full blist.

Remark 5.17. Using the notation and the hypothesis of 5.15, we prove that there is the following
commutative square:

cKRW N (T) --------- cKRWy(T")
blistingJ Jblisting
¢KRW y (T},) ————— cKRW y(T})

where the dotted arrow is the isomorphism given by the Proposition 5.15.

5.4. Forkslide moves. In [QRSW21], the authors define the forkslide moves. The goal of the following
two sections is to prove that cKRW y is invariant under these forkslide moves:
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Proposition 5.18. Let a,b,c € N*. We have isomorphisms, in the relative homotopy canopoly,
between the colored Khovanov—Rozansky homology of the following colored web-tangles:

e % g
AN AN
(42) /J: ) } N I
ANTON AN
(43) S ~\\/ W\/N \/
JAREA N
- P Y
A 7oA

Lemma 5.19. Let b,c € N*. To check the invariance of c KRW  under the forkslide moves, it suffices
to prove that we have isomorphisms, in the relative homotopy canopoly, between the colored Khovanov—
Rozansky homology of the following colored web-tangles:

. % KA LN
AV AAY
- RE R E
AN AN
(47) A\\ N\\/ \/NN
AR MANENS
" \//),V\// \/ N/
(o oo
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Proof. The proof of this lemma does not rely on the explicit definition of cKRW y, but only on the
fact that it satisfies the blist hypothesis of Proposition 5.15.

To prove that it suffices to consider the case a = 1 for all moves we verify the inductive step in the
induction on a. We only detail the proof for the first move of (45). We start by blisting the a-edge in
the two sides of the move:

a+b a+b a+b a+b
1\ ~s 1\ and »\\ s \
' '
a b Cc a— 1 1 b (& a b Cc a— 1 1 b c

According to the blist hypothesis, it suffices to prove that cKRW y is invariant under the "blisted move".
Thus, using the fact that associative foams induce isomorphisms and by the induction hypothesis, we
obtain:

a+b a+b a+b a+b a—+b a-+b

AN AN
S e BT A A

a—1 1 b € a—1 1 b a—1 1 b ¢ a—1 1 b ¢ a—1 1 b ¢ a—1 1 b ¢

>
12

1

We can now stick to the case where a = 1.

To prove that we can stick to the case where ¢ = 1 for the moves in (46), (47), and (48), we use
the same strategy and proceed by induction. Let us prove the reduction for the first move of (46). To
prove it, we need to use that cKRWy is invariant under the moves (45):

/Aj /ﬁ /A fﬁ

1cflb 1 c—-10b 1 c—10b 1 c—-10b 1 c—10b

b+

The idea used to prove the reduction of the remaining moves is the same. The only subtlety arises in
the proof of (47), where moves (46) are required. O

5.5. Forkslide isomorphisms. Let us now prove that cKRW y is invariant under the reduced fork-
slide moves from Lemma 5.19.

Lemma 5.20 ([QRSW21, Lem 3.26]). Let a,b € N*, and set m = min(a,b). The two following
complexes are exact in the relative homotopy canopoly:

= H_, — H —>HZ+1—>

o
~%H+1%H+.>H+1%

where
b—1 a1 b—1 a+1
a—it1 52 a—miir1 2
“Na — i)+ s/2 “x(a —m+j) — 5/2
5/2 —s/2
AX(a+b—i—1)—s/2 AX(a+b—m+j)+35/2
H; = atb—i i and H;r = a+b-m+j m—j .
s/2 (i —1)—5/2A —5/2 “A(m —j—1)+s/2A
“A(p—i—1)+s/2 EA(b—m+j—1)+5/2
b—i > bomti o
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and the differentials are given by:

Proposition 5.21. There is an isormorphism in the relative homotopy canopoly,

b+ 1 b+ 1

cKRW n /j\ =~ cKRWy /\
Proof. We omit the g-shifts for the first part of the proof and we use the following notations:

b+1 b+1

1
C :=cKRWy /J\ and D :=cKRWy /\
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The complex C is the flattening of the bicomplex C' = (Cj ;,d™,dy) with 0 < 4 < min(b,c) and
0<j<L
b+1 b+1
d-
S — —
i 741
Abte—i—1)—3 Abtc—i—2)— 3
AS
Ae—i—2)F T
b c b c
r._
= dv dv
c b+1 c b+ 1

[N

i+ 1

|
>
~
S
|
—
|
ol
>—0
S ol

Abdec—i—1)— 4

The complex D = (D;,d™,0), which can be considered as a bicomplex with trivial vertical differentials,

is the following:

c b+1 c b+1
s -
b+1—3i 2 b—i 2
—A(b— i)+ § R “A(b—i-1)+ % £
o s
Alb+e—i) =3 Ab+c—i—1)—%
b+c+1—14 i L|;b+c—z‘ i41
s “Ai—1)— 54 P s —Xi— 54
-1 -1
D = — 2 c—i _ 2 ec—i—1 — -
“Aec—i—-1)+ 3 “Ae—1i—=2)+ 5
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Consider the bicomplex H = (H;,dg,0):

c b+1 c b+1

“Ab—i—1)+% “A(b—i—2)+%

5 b+1—1i 5 b+1—i—1
e — 38
N \0\2

AX(e—1) — 5 du AX(e—1)— %

ol
Nle

1

Ab+c—i)— 5 Ab+c—i—1)— 5/

The horizontal differentials are those from Lemma 5.20, which ensures that the bicomplex H is null-
homotopic (forgetting the 20_ structure).

Let us now define three 20_;-equivariant maps of bicomplexes, : = H — C', ¢ : D — H and
1 : D — C' define by the movies:

L N A N NN R AN EEANAEERAARREENEEEENEEEREES

c b+4+1 c b+1 b+1

(49) =

e E NN NN NN EENNEEESSERssEEEsEEEEEEEEEEE)

B N N NN RN AR EEANEEEEAE RN N ERENEEEEEEEEEEES

NN RN NN ENEEEEESNERssEEEEEEEEEEEEEEE)

B N N NN RN A RSN EANEEEEEEEEANNERENEEEEEEEEEEES

c b+1 c b+ 1 c b+ 1

(50) P =

1 b ¢ 1 b €

b c

e RN NN NN EEENEERSEEEssEEREEREEEEREEEE)

L N A N N NN R AN EEANAEERAANRRENEEEEEEEEREES
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(51)

where we omit the red dots for the sake of readability. These three morphisms are 2J_;-equivariant,
which implies in particular that cone(:) ~ C’' @ tH is isomorphic to C’ in the relative homotopy
canopoly.

We consider the following complex:

Forgetting the 20_;-structure, we have that C} ; ~ [b+ 1 —i|H; and C}, ~ D; @ [b — i]H;. Using
these isomorphisms we obtain:

q[b Id
@ \
/ qD; qlb—i|H,
0—> qD; ~ \ 0,
® dy b —
\ ql H;
¢ YH; Id

which is null-homotopic. This chain complex constitutes the homogeneous terms of the mapping cone

of
p %), cone(t).

This implies that C and D are isomorphic in the relative homotopy canopoly. O

6. INVARIANCE

6.1. The uncolored case. In [GR25], the 20_j-equivariant (uncolored) gly-Khovanov—Rozansky
homology is defined. We briefly recall in this subsection the definition and useful properties of it.

We construct a hypercube complex for any link diagrams by specifying locally a length two complex
at each crossing according to its sign:

(52)
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. In both complexes, the term marked by a zigzag lies in cohomological degree 0. For clarity, Fn(-)
has been omitted in these diagrams.

For a link L, we define KRWy(L,R) := KRWy » s(L,R), the (uncolored) Khovanov-Rozansky
gly-homology of L with coefficients in a ring R, equipped with an action of 20_;. To avoid cluttered
diagrams, we will omit KRW y(+).

Remark 6.1. The attentive reader will notice that the conventions have been reversed between nega-
tive and positive crossings compared to [GR25]. The purpose is to align the conventions of the colored
case with those of [ETW18].

Proposition 6.2. There are isomorphisms in the relative homotopy canopoly:

/L/\ 1 1
(54) gl and gtV
1 \/ ! (

e AN

S > w =" = Y
(55) { > d /\1 / \\1

1 1 1 1 1 1

&\ V
(56) Wg \UE
Pl o1 i

Lemma 6.3 (Forktwist lemma). There are the following isomorphisms in the relative homotopy

canopoly:
2
—1
q? :
1 1

6.2. Reidemeister 2 and 3. In this section we prove the invariance of cKRW y under colored Rei-
demeister moves.

12

2

2 2
(57) =N 1 and é
1 ¢
1 1 1 1 1

1

1

Proposition 6.4. Let a,b € N*, there are isomorphisms in the relative homotopy canopoly:

) N

(58) < = = > .

N 4

a b a b b a

Proof. We carry out the proof for the first isomorphism:

/

N

For this, we proceed by induction on n = a + b. The base case is a = b = 1, which is the uncolored
case (Proposition 6.2). We now assume that a +b=n+1 > 2, and we blist the leg with label greater
than 2. In what follows, we assume that a > 2. Using the forkslide isomorphism together with the

induction hypothesis, we obtain:

o AN o

S B
N N N N

la—10b la—11% la—11% la—11% la—10b
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Finally, by using the blist hypothesis 5.15, we obtain the desired isomorphism. The construction of
the second isomorphism is proved in the same way. O

The proof of the invariance of cKRW under the second Reidemeister 2 move of Proposition 6.5,
proceeds in the same way as for the Proposition 6.4.

Proposition 6.5. Let a,b € N*, there are isomorphisms in the relative homotopy canopoly:

(59) a\/Y ga\/.
VAVANEN N

Proposition 6.6. Let a,b,c € N*, there are isomorphisms in the relative homotopy canopoly:

AN IA\
\

(60) W% \
N . I

Proof. As in the case of Reidemeister 2, we proceed by induction on a + b + ¢ = n, using the blist
hypothesis (Proposition 5.15) and the following sequence of isomorphisms, in the case where a > 2 for

the inductive step:
N \ 1 i
A 1 @ S h

a—11 b ¢ a—1 1 b c a—1 15 c a—1 10 ¢

1%

N
<

1%
/

a—11 b c
g

6.3. Reidemeister 1. To prove the invariance under Reidemeister 1, the following forktwist lemma
is needed.

Lemma 6.7. For any a,b € N*, there are the following isomorphisms in the relative homotopy
canopoly:

a+1 a+1 a+1 a+1
—1 1

(61) gt and & gott ,
a 1 a 1 a 1 a 1

Proof. We construct the first isomorphism:

a+1 a+1
1
(62) =gt
a 1 a 1

The first complex is defined to be:

2 ol

“Aa—-1)-3
A(l+§
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We do not specify the labels of the red dots on the leftmost element of the complex, since they are
easy to recover from the definition of the complex and are not important for our purposes here.
Using red dots isomorphisms we have:

We embed these two complexes in a short exact sequence of 20_j-equivariant complexes that splits
when one forgets the 20_; action:

a—+1
q—a—l
a 1
a+1
A
t71 a
+ 1
Cod™y
g’Pl ° dirl C
: C'Pl:
Cﬂpa_l o dtl C.pa—l
a+1 a—+1
Id
[a] [a]
a 1 a 1

where (,p, denotes a digon cap decorated by p; on the facet of thickness a + 1. There is a 20_;-
structure on the bottom complex, which can be recovered by viewing all the complexes in the category
C¥-1(Ry-mod) via the functor Fy and interpreting the bottom complex as the cokernel of the 20_;-
equivariant map between the other two complexes. Since the bottom complex is contractible, and
thanks to Corollary 4.17, we obtain the desired isomorphism. O
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Proposition 6.8. Let a,b € N*, there are the following isomorphisms in the relative homotopy
canopoly:

a+b a+b a+b a+b
—1 1

(63) ~ qfabfl and o~ qab+1 ,
a b a b a b a b

Proof. We focus on the proof of the first isomorphism, the proof of the second one is left as an exercise.
The argument proceeds by induction on b. We present the inductive step, the base case can be obtained
by setting b = 1. We first use the forkslide isomorphisms of Proposition 5.18, the forktwist lemma for
a positive crossing of Proposition 6.7 and the inductive hypothesis:

a+b+1 a+b+1 a+b+1

? o ? ~ o gma—1—(at1)b-1
h m T

a b 1 a b 1 a b 1

We conclude by using the forktwist lemma for a negative crossing of Proposition 6.7:

a+b+1 a+b+1 a+b+1
—1 —1
—1 gqurl .
a b1 a 11

Proposition 6.9. Let a € N*, there are isomorphisms in the relative homotopy canopoly:

and m ~ tfaqa(N7a72)+2

Proof. Let us construct the first isomorphism. We present the inductive step of the proof, the base
case is given by Equation 54 of Proposition 6.2. The first step consists of a full blist followed by a
sequence of forkslide isomorphisms, and ends with a Reidemeister 1 move in the uncolored case on the

innermost leg:

The next step is to use the red dot slide isomorphisms in the uncolored case recalled in the Proposition
7.1 and the Reidemeister 3 isomorphism 6.6 to isolate the "unknotted leg":

12

| =
.

[N
NN NTE|

(64) ( ~ taqa(2+a7N)72

a a a

gtaqa(Q—Q—a—N)—Q@_é gtaqa(Q—&-a—N)—Q Q.%
-

784
a 1 a 1
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Now we need to use the forktwists isomorphim 6.7 two times:

2
% o q2(a+1)
1 1 1
2 2 -3 -
a 1

To complete the proof, we need to use the red dot isomorphisms 4.7 and 7.5:

P —1
>~
1 1
- 2 2
a 1 a 1

After keeping track of the shifts, we obtain the following isomorphism:

=

[N

12
wl= ||

[acd

Wl
[N
W=
W=

2
a 1

a 1

[NV

wi= ||

ﬁ ~ ta+1q(a+1)(3+a7N)f2

a 1

7. FUNCTORIALITY

This section is devoted to the functoriality of the construction introduced above. We first establish
the sliding lemma stated in Proposition 7.4, together with the various intermediate results needed for
its proof. The functoriality statement is then formulated in Subsection 7.5, using this proposition.

7.1. Sliding lemmas. In [GR25], it is shown that all types of dots can slide along any crossing

involving only 1-colored strands.

Proposition 7.1 ([GR25, Cor 5.8, Lem 5.10]). Let w and € be elements of R, there are isomorphisms
in the relative homotopy canopoly:

\

(65)

=\
mll
-

Remark 7.2. In line (65), we can replace the circular hollow dot with the triangular one, since for a
1-colored strand the circular hollow dot and the triangular dot coincide.

Let us now turn to the colored case. In the following, every proposition and lemma is stated for
negative crossings, but the statements also hold for positive ones.

Lemma 7.3. Let a € N* and w € R, the following objects are isomorphic in the relative homotopy
canopoly:

(67)
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Proof. The idea is to show that the dot can be slid along when the a-colored leg is full-blisted by
applying the forkslide isomorphisms (5.18) and the sliding lemma (7.1) in the uncolored case:

/%% <

1 11 1 11 1

Using this isomorphism, together with the blist hypothesis, we obtain the desired isomorphism. O

The proof of the following proposition is the purpose of Sections 7.2, 7.3 and 7.4. We assume that
this proposition holds for the remainder of this section.

Proposition 7.4. Let a,b € N* and w,e € R, the following objects are isomorphic in the relative
homotopy canopoly:

(68) o’

a

Lemma 7.5. Let a € N* and w € R, the following objects are isomorphic in the relative homotopy
canopoly:

(69) and

Proof. We present the proof of the existence of the first isomorphism, the second one is similar. We
assume that w = 1, without loss of generality. The proof of this lemma reduces to studying the
decorations involved in the twists induced by the red dots. Recall that p(a) denotes the kth power
sum symmetric polynomial in Sym,. For all 1 < i < a, we denote by ¢; the edges of thickness 1. In

particular, p,(cei) € Sym; is the kth power of the variable associated with e;. For all n € N,

_Zp/(ca)p;a)k sz(:)p;a k= ZP;(.;&)Pn k= Z <Zpk P —p) + (n+ 1)10%”) :
k=0 k=0

=1

We conclude by identifying each polynomial with its associated dot. O

The following lemma is a consequence of Lemma 7.5 and the blist hypothesis.

Lemma 7.6. Let a,b € N* and w,e € R, the following objects are isomorphic in the relative homotopy

canopoly:
-
a b

The proof of the following proposition is a direct consequence of Proposition 7.4 and the previous
Lemma 7.6.

(70)

Proposition 7.7. Let a,b € N* and w,e € R, the following objects are isomorphic in the relative
homotopy canopoly:

(71) w}/ .
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7.2. Extended canopoly. In the proof of the sliding lemma [GR25, Lemma 5.3] in the uncolored case,
an additional variable z, besides the variables of Ry, is required to let a dot slide through a crossing.
The purpose of this section is to construct an analogue of this additional variable by extending the
canopoly Foam.

Definition 7.8. An eztended web in D, is a web in D, with dots in the interior of D, that are disjoint
from the web. This data is considered up to ambient isotopy that preserve the boundary of D,. The
boundary of an extended web is the boundary of its web in D,.

FIGURE 11. Example of an extended web.

Definition 7.9. A basic trajectory in D, x I is one of the oriented 2-dimensional CW-complexes shown
in Figure 12, considered up to ambient isotopy that preserves the boundary 9D, x I. An extended
foam in D, x [0,1], is a finite collection of basic foams, traces of isotopy and basic trajectories that are
glued together along their boundary points with respect to their labels. This data is considered up to
ambient isotopy that preserves the boundary of D, x I.

Remark 7.10. As for the foams, an extended foam has a degree which is additive under gluing.

Polynomial Crash Cross
deg(P) 0 0

FIGURE 12. The three basic trajectories with their degrees, where P is a polynomial
in Ry[z], where z is a new variable distinct from all the variables of Ry, and a € N*
is the thickness of the considered facet.

To understand the relation between these extended webs and foams, as well as the additional
variables needed in the proof of the sliding lemma, we need to describe how the functor Fy extends to
these new objects and morphisms. This functor uses the Robert—Wagner evaluation and the universal
construction to associate a Ry-module to each closed web and a Ry-linear map to each foam as in
[RW20].

Let T be a closed extended web with n dots, then

(72) Fn(@) := Fn(T) @ry Rul21,-- -, 20l
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where T' is the closed web without the dots. For the morphisms, we only describe how Fn behaves
locally on the extra algebra Ry|[z].

where x denotes the variable used for the decorations on the 1-labeled facet where the trajectory
crashed.The map (74) sends all decorations along the trajectory to the 1-labeled facet. This property
is illustrated by the second equivalence in (76).

This extension of the definition of Fy leads to an equivalence relation on extended foams. Let F
and F’ be two extended foams, we say that these two foams are equivalent, denoted F' =~ F’, if they
bound the same extended webs and their images under Fy coincide. For example this extended foams
are equivalent:

(76)

Definition 7.11. For a given u € Z%, the category Fﬁz(u) has objects that are extended webs in
D.. with boundary describe by u and morphisms that are foams defined as follows:

Hompoamz(To,I'1) = {extended foams F' in D, x I with Fy = —T'g and F; =T}/ =,
where —I'g is the same extended web as I'g but with all edges oriented in the opposite direction.
Remark 7.12. As 15‘/0::1\m(u)7 we extend the category Fﬁz(u) by adding formal grading shifts, direct
sums, and Rpy-linear combinations of morphisms to form the graded, additive, Ry-linear category
Foamz(u).
Remark 7.13. For a given extended web I with n dots, the algebra of decorations is
Dy := Dr @ Ry[z1,- -, 2nl,

where I' denotes the web obtained from I’ by removing all dots.

The proof of Proposition 7.14 is straightforward, following the ideas in Example 3.9.
Proposition 7.14. The collection (Foamz(u)), is a colored canopoly denoted Foamz.

7.3. Witt and extended foams. We can now extend the operators defined on basic foams in section
2.3 denoted L,,:
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P L, - P
(77) L, - ,
(78) L, — 0, L, - 0.
(79)

This proposition is a direct corollary of Proposition 2.11.

Proposition 7.15. Let I',TV be two extended webs with the same boundary. Mapping L, to L, for
allm € N_; defines a 20_1-action on the Ry-module of Hompoamz(T', ). Moreover, for any extended
foam F':

degpn (Ly, - F) = 2n + degy (F).

Let Foamz®~*(u) be the subcategory of Foamz(u) whose objects are the same and whose mor-
phisms are Ry-linear combinations of extended foams F' such that for all n € N_q:

L, -F=0.

Such an extended foam is called 20_1 -equivariant.
As for webs, we can define red-dotted extended webs. Here is a diagrammatic example of a Maurer—
Cartan element:

(80) L, * =Ly,- —wn+1) ,

(81) L, — —w(n+1)z".

The proof that this is indeed a Maurer—Cartan element is left to the reader.

Let rFoamz™ ' (1) be the category whose objects are pairs (I', &) with T' in Foamz(u) and « an
associated Maurer—Cartan element, and whose morphisms are Ry-linear combinations of extended
foams F' such that for all n € N_y:

L,*xF =0.

As in Section 4.2, we consider the relative homotopy category associated with rFoamz

denoted by C¥-1 (rFoamz(u)).

1 (w),
Proposition 7.16. The collection (C¥ -1 (rFoamz(u))), is a colored canopoly denoted C*¥-* (rFoamz).

7.4. Orange dot sliding. To prove that the dots are sliding through any crossings we need to intro-
duce a new Maurer—Cartan element.

Remark 7.17. If e is an a-labeled edge or a dot of an extended web, then pgf) denotes the extended

foam I x 1 decorated by px on e x1. Moreover, py, € Sym,, if e is an a-labeled edge, while py, = zF € R[z]
if e is a dot.

Definition 7.18. Let e; and es be edges or dots of an extended web T. A double orange dot
between e and e, labeled by w € R, is associated with the map

(82) Ly~ —w sz(-el)pfffz.
i=0
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The proof of the following lemma proceeds in the same way as the proof of Lemma 4.5 in [GR25].
Lemma 7.19. The map (82) defines a Maurer—Cartan element.

Remark 7.20. It is important to note that a double orange dot may relate two edges that are not
necessarily close to each other.

The purpose of this double dot is that it allows us to decompose the hollow dot:

Lemma 7.21. Leta,b,c € N* andw € R, the following objects are isomorphic in the relative homotopy
canopoly:

a+b +b

/
(83) )J e A \ /L N

The orientation of the c-colored part of the tangle is not specified because the statement holds for both
orientations.

Proof. Without loss of generality, we assume that w = 1. The proof of this lemma reduces to studying

(@)

the decorations involved in the twists induced by the red dots. We denote by p,’ the kth power sum

symmetric polynomials in Sym,. For all n € N,

a b (at a b a b a) (b ~ () (b
Zp( p Z( S S [ U Zpk i —2Zp( = > o
k=0

k=0

We conclude by identifying each polynomial with its associated dot. The proof of the existence of the
second isomorphism is left to the reader. O

Lemma 7.22. Let a € N*, the following objects are isomorphic in the relative homotopy canopoly:

DXL e DX X L

a
1 1 1

The orientation of the a-colored part of the tangle is not specified because the statement remains the
same for both orientations.

The idea of the proof of 7.22 is originally from [KR16]. See also [QRSW21, QRSW23, GR25, ES25]
for other adaptations of this lemma.

Proof. Let x and y be the variables in the polynomial ring of decorations associated with the two labeled
1-facets of 1. We only need extended webs with one dot, we denote by z the variable associated with
this dot.

Let T' be an extended web, and let T+ denote the extended web equipped with the associated
Maurer—Cartan element given by

L, — —h,(z,2)ldr.

We use the following notations:
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We first prove, using the following short exact sequence of complexes, that Coker(z — z) = Cone(z — z)

in the relative homotopy canopoly:

D\ A
14 n
s AN
¢ !

‘ IS
xz 0] H
*Z z—T X 2 *Z
(55) 1) ;<(.@ (o —d

)

z

>:§
s SN
O *

@

o 7N
.
ERY

(n1) [
_—

}

.

1
/I\/.
.

kS
/f
;

The red arrows indicate additional Maurer—Cartan elements on the direct sum objects defined by:

(87) (1) : L > (B, 2) —hn(m,y))( 0 i )
. hn(y7z) - hn(xaz> 0 0
(88) (2): Ln — (0 x>

The additional twists on Cone(y — z) make the following isomorphism to Cone(z — y) equivariant:

N \ *a z-w A A &
v . n / oD Va . (mz—=2)
s U s \ \U
(89) 1]
*Z 7
A AT m
/ / (ny—2)
s N \

IdT

4
\

o TN

0
|

Coker(x — 2)

Cone(z — z)

Cone(Id)

|

0

—

Coker(y — z)
Cone(y — 2)
Cone(Id)

I
0
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The strategy for proving the following lemma is the same as the one used in the proof of Lemma
7.3.

Lemma 7.23. Let a,b € N*, the followz'ng objects are isomorphic in the relative homotopy canopoly:

(90) (\/b/\ o 1/ . and \// A\\

b b

Using the blist hypothesis, the previous lemma, and Lemma 7.21, an induction on ¢ is enough to
prove the following lemma.

Lemma 7.24. Let a,b € N*, the followz'ng objects are isomorphic in the relative homotopy canopoly:

(91) X/\a = / and \// //

a
b b

We can now prove the Proposition 7.4.

Proof. We only detail the proof of the following isomorphism:

\/ %
(92) o = :

We proceed by induction on a. The base case is ensured by Lemma 7.3. For the inductive step, we
blist the a-colored leg of the tangle, use Lemma 7.21 to decompose the hollow dot, apply the forkslide
isomorphism (5.18), and slide the orange and hollow red dots using the inductive hypothesis. The
conclusion follows from the blist hypothesis. 0

7.5. Functoriality.

Definition 7.25. Let TD be the subcanopoly of WT defined by:

e The objects are colored oriented tangle diagrams in D,.
e The morphisms are two dimensional oriented framed colored cobordisms between tangles,
embedded in D, x I x 1.

Theorem 7.26 ([ETWI18, Th.4.5]). The construction of the colored Khovanov-Rozansky complex
defines a canopoly morphism

cKRWy : TD — C(Foam).

By introducing a 2J_-action on colored Khovanov—Rozansky homology, one might expect the target
canopoly of our canopoly functor to be a collection of category of 20_;-modules. However, this is not
the case, since the morphisms induced by cobordisms are not, in general, 2J_;-equivariant. In the
following, we define a source canopoly whose image under the canopoly morphism cKRW y consists of
2 _1-equivariant morphisms.

In order for the image of a cobordism in the canopoly TD to be 20_;-equivariant, we introduce
red dots on tangles. These dots compensate for the 20_;-action on cups, caps, and saddles in two-
dimensional cobordisms. Using the sliding lemmas, we can gather the red dots (hollow, solid and
triangular) on each connected component of the tangle. This observation motivates the following
definition:

Definition 7.27. Let us define the canopoly r'TD:

e The objects are quadruples (T, (a;), (b;), (¢;)), where T is an object of TD and (a;), (b;), (¢;) €
R" are respectively the labels of the hollow, solid, and triangular red dots on each component
of T'. Here, h denotes the number of components of T'.

e A morphism C from (T, (a;), (b;), (¢;)) to (T, (a}), (b)), (c:)) is a morphism in TD from T to
T such that for all connected component of C' denoted Cj:

(93) X(cj)—kj:2<2bg—2bi>7 and kj=—2<za;—zai>:2<Zc;—zci>.

01C; 00C; 01C; 00C; 01C; 00C;
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where x is the Euler characteristic and k; is the framing of Cj.

Remark 7.28. The identity (93) comes from the dots needed for a Reidemeister 1 isomorphism, a
saddle, a cup, or a cap.

Theorem 7.29. The construction of the colored Khovanov—-Rozansky complex defines a canopoly mor-
phism

cKRWy : 1TD — C¥ - (rFoamz),
where the W _1-action on the image of a cobordism is trivial.

If we restrict the previous canopoly morphism to the category of tangles without boundary (u = &),
that is, to the category of colored oriented links, we can compose this functor with the TQFT-like
functor F. This gives the following statement:

Corollary 7.30. The construction of the colored Khovanov-Rozansky complex defines a functor
cKRWy : rTD(@) — C¥~ (Ry-proj,,),
where the image of a cobordism is a WW_1-equivariant map. By taking the homology of the complex
defining the functor,
cHKRWy : 1'TD(@) — RN#W_1-projy,g,
where the target category is a category of Ry and WW_; bigraded projective modules.
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