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Differential Topology and Physics: Differential Forms

1 Differential 1-forms

1.1 The cotangent bundle

Fix some manifold M . Lets begin by considering a smooth map f : M → R, where we consider R as a manifold.
Recall from the lecture on tangent spaces that we can take the differential df : TM → TR. Pointwise, dfp : TpM →
Tf(p)R maps a derivation from the tangent space at p xp

dfp7→ xp(f). Further, recall that there is a canonical way to
identify TqR with R. Thus, we can consider dfp as a map from TpM to R,, an operator on the vector space TpM.
We call the space of all such linear maps the cotangent space ofM at p and denote it

T ∗
pM := Hom(TpM,R).

(Note that this space is also denoted (TpM)∨, and is the dual space of TpM , if you are more familiar with linear
algebra.)

This space is immediately interesting to us as dfp ∈ T ∗
pM and the objects within will be the primary object we

study in the rest of this talk. We have a slew of definitions that are analogous (dual) to those about vector fields.
Definition 1.1. A covector is a linear map ωp : TpM → R (i.e., ωp ∈ T ∗

p (M))

Definition 1.2. The cotangent bundle is the disjoint union of the cotangent spaces at all points. It is denoted
T ∗M :=

⊔
p∈M

T ∗
pM .

Note. We can give T ∗M the structure of a manifold by projecting toM and using a local basis for T ∗
pM .

Definition 1.3. A differential 1-form (also called 1-forms or covector fields) is a smooth section ω : M →
T ∗(M) of the cotangent bundle (and so it maps p 7→ ωp where ωp ∈ T ∗

pM ).

Note. We see that just as vector fields are sections of the tangent bundle, 1-forms are sections of the cotangent
bundle: For the projection π : T ∗M → M , we see that π ◦ ω = IdM .

1.2 A basis for T ∗M?

To talk about basis, just as for the tangent space, we will have work locally. To this end, we pick a point p and a
chart (U, ϕ) around p. For this chart, let x1, . . . , xn : U → R be the projections of ϕ onto the i-th coordinate. Recall
from previous lectures that ∂

∂x1
|p, . . . , ∂

∂xn
|p is a basis for the tangent space at p, TpM . (Concretely, this means that

any derivation looks like D(f) =
∑

iD(xi)
∂f
∂xi

(p).)
Proposition 1.1. (dx1)p, . . . , (dxn)p is a basis for T ∗

pM .

Proof. In fact, (dxi)p( ∂
∂xj

|p) = ∂
∂xj

|p(xi) = ∂xi
∂xj

(p) =

{
1, if i = j;

0, otherwise.
. Thus, not only is (dx1)p, . . . , (dxn)p

is a basis for T ∗
pM , it is the basis dual to ∂

∂x1
|p, . . . , ∂

∂xn
|p.

Example (Covectors and Differentials in Rn). In Rn, the covector dfp : TpRn︸ ︷︷ ︸
∼=Rn

→ R maps a derivation xp =

∑
i vi

∂
∂xi

|p (which we can identify with a tangent vector v) to xp(f) =
∑

i vi
∂f
∂xi

(p), which is the directional
derivative of f in direction v. We can think of the covector dfp : TpRn → R as analogous to the inner product
⟨grad f |p, ·⟩ and the derivation xp : C

∞
p (M) → R as analogous to the inner product ⟨·, v⟩.
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Example (The Cotangent Bundle in S1). First, we will use the Regular Value Theorem on the function f(x) =
x21 + · · ·+ x2n, and observe that f−1(1) ∼= Sn−1. Then, dfp(v) = 2⟨p, v⟩ and thus the tangent space of Sn−1 at
point p is Ker(dfp), exactly the vectors orthogonal to p, which forms a copy of Rn−1.

p

∂
∂θ

∣∣
p

Now, we will focus on S1. As we have seen last lecture, for some patch U , we can consider θ : U → R
(which is not smooth for all S1) to get (dθ)p as a basis for T ∗

pS
1. We can construct a global basis by taking the

restriction of the 1-form −ydx+ xdy to S1. In fact, this gives us a smooth basis for T ∗S1 that agrees with dθ
in every local patch.

Thus, a 1-form on S1 looks like ω = a1 · dθ for a1 that is a smooth function of p. At each point p, we get a
covector ωp. We see that this ωp maps a derivation xp = v1

∂
∂θ |p to a1 · dθ(v1 ∂

∂θ |p) = a1 · v1. Finally, from this
we can see, as expected, that the cotangent space should also be diffeomorphic to R1, as every ω is determined
by the single variable, smooth function a1.

Note. Notice that for S1, the 1-form dθ gives a global basis for the cotangent spaces and thus T ∗S1 ∼=
S1×R (dθ)p is nonzero for every p. However, this is not true for every manifold. For example, there do not
exist a smooth basis for the cotangent bundle of all of S2. By Proposition 1.1, this would give us a vector
field on S2 that does not vanish, which contradicts the Hairy Ball Theorem.

2 Differential k-forms, the wedge product, and the exterior derivative

Let’s think carefully about what ωp is doing to an element v of the tangent space. We know that by Proposition 1.1,
ωp(v) =

∑
i aidxi(v) for ai that are smooth functions of p. Then, we can compute

ωp(v) =
∑
i

aidxi(v) =
∑
i

aidxi

∑
j

vj
∂

∂xj

 =
∑
i

∑
j

ai · vj · dxi
(

∂

∂xj

)
=
∑
i

ai · vi = ⟨a, v⟩.

Thus, we can see that ωp(v) is like a measurement of signed ‘length’ of v in the ‘direction’ specified by ωp.

Example. Recall that for S1, dθ(v) = v1 (i.e. the magnitude of the angular velocity).

We are interested in measuring a similar notion of higher-dimensional signed area. The following definition is
key:

Definition 2.1. A function T : V k → R is a k-covector on vector space V if:

1 It is linear in each coordinate.



2 T (x1, . . . , xi, . . . , xj , . . . xk) = −T (x1, . . . , xj , . . . , xi, . . . xk) (in other words, if we swap coordinates, T
takes the same value but negative)

Note. The quintessential k-covector is the determinant! In fact we will soon see that we can relate any k-
covector to the determinant of a particular matrix. At a high level, this makes sense, because we are trying to
measure signed area.

Definition 2.2.We denote the vector space of all k-covectors on a vector space V as Ak(V ) (this is also
denoted

∧k(V ∨), and called the k-th exterior power of V ∨).

Definition 2.3.Wedefine the k-th exterior power of the cotangent bundle to beAk(TM) :=
⊔

p∈M Ak(TpM).

Note. We can give Ak(TM) the structure of a manifold analogously to the tangent bundle and cotangent
bundle.

Definition 2.4. A k-form is a smooth section ω : M → Ak(TM). In other words, it maps p 7→ ωp ∈
Ak(TpM).

2.1 A basis for Ak(TM)?

To get a basis for Ak(TpM), we will define the following operation:
Definition 2.5. The wedge product of ω1, . . . , ωk ∈ T ∗

pM is the k-covector defined by

ω1 ∧ · · · ∧ ωk(v1, . . . , vk) := det

ω1(v1) . . . ω1(vk)
... . . . ...

ωk(v1) . . . ωk(vk)

 .

Proposition 2.1. For basis (dx1)p, . . . , (dxn)p of T ∗
pM , then, {(dxi1)p∧ · · · ∧ (dxik)p}1≤i1<···<ik≤n is a basis

for Ak(TpM).

Proof. Omitted for time.

Example. To get comfortable with k-forms, consider the 2-form dx1 ∧ dx2 on R3 and two vectors v, w ∈ R3.
Then, because dxiv = v(xi) = vi,

(dx1 ∧ dx2)(v, w) = det

(
dx1v dx1w
dx2v dx2w

)
= det

(
v1 w1

v2 w2

)
= v1w2 − v2w1.

Thus, dx1 ∧ dx2 measures the signed area of the projection of the parallelogram spanned by v and w onto the
xy-plane.

More generally, a 2-form
Adx2 ∧ dx3 +Bdx3 ∧ dx1 + Cdx1 ∧ dx2

performs a weighted signed-area measurement.

Note. As with 1-forms, this is only a local basis and there need not be a global smooth basis for Ak(TM).
Now, it is interesting to note that although T ∗S2 does not have a global basis, A2(TS

2) does! So, in fact even
for the same manifoldM whether a global basis for Ak(TM) exists depends on k.

2.2 The exterior derivative

Earlier, we saw that we can take the differential of a smooth function: f 7→ df . We can in fact extend this operation
to k-forms:



Definition 2.6. If ω =
∑

I aI
∧

i∈I dxi, then the exterior derivative dω :=
∑

I daI ∧
∧

i∈I dxi.

Note. The above gives the formula for the exterior derivative in local coordinates. In fact, one can show that
the resulting (k + 1)-form is independent of the choice of coordinates, and the exterior derivative is in fact a
global operator.

Example. So, if ω = Pdx+Qdy, then

dω = dP ∧ dx+ dQ ∧ dy

= (
∂P

∂x
dx+

∂P

∂y
dy) ∧ dx+ (

∂Q

∂x
dx+

∂Q

∂y
dy) ∧ dy

=
∂P

∂y
dy ∧ dx+

∂Q

∂x
dx ∧ dy

=

(
∂Q

∂x
− ∂P

∂y

)
dx ∧ dy.

If you remember multivariable calculus, this might look very familiar, as we will soon see...

So, what is the right space for the exterior derivative to act on?
Definition 2.7. For k ≥ 1, denote the vector space of all smooth k-forms on manifoldM as

Ωk(M) := Γ︸︷︷︸
v.s. of sections

(Ak(TM)).

For k = 0, defineΩ0(M) := C∞(M). We thus also call smoothM → R functions 0-forms. (We can also derive
this from the appropriate algebraic definitions).

We will now package all these spaces together:
Definition 2.8. Denote the vector space of all smooth differential forms on manifoldM as

Ω∗(M) :=
n⊕

k=0

Ωk(M).

Note. This is a vector space because each Ωk(M) is a vector space by pointwise addition, and so any element
in the direct sum Ω∗(M) can be written uniquely as the sum of 1 or less elements from each Ωk(M).

Theorem 2.1. The exterior derivative d : Ω∗(M) → Ω∗(M) satisfies

1 If ω is a k-form, then dω is a (k + 1)-form (i.e., d : Ωk(M) → Ωk+1(M)).

2 d ◦ d = 0

Proof. We will compute (2) for a general k-form ω:

ddω = dd

(∑
I

aI
∧
i∈I

dxi

)
= d

∑
I,j

∂aI
∂xj

dxj ∧
∧
i∈I

dxi


=
∑
I,j,k

∂aI
∂xk∂xj

dxk ∧ dxj ∧
∧
i∈I

dxi

= 0 +
∑
I,j<k

(
∂2aI

∂xk∂xj
− ∂2aI

∂xk∂xj

)
dxk ∧ dxj ∧

∧
i∈I

dxi = 0.

This interplay between symmetry and alternation cancelling out is the key to this proof.



3 The culmination

Recall the following operations from multivariable calculus, recast in our new notation:

C∞(R3) X(R3) X(R3) C∞(R3)
grad curl div

As we have seen many times by now, for f ∈ C∞(R3), df = ∂f
∂xdx+ ∂f

∂y dy+
∂f
∂z dz. So, we can identify df with the

vector field
(
∂f
∂x ,

∂f
∂y ,

∂f
∂z

)
. This is the gradient of f ! To continue, we consider 1-form ω = Adx+Bdy + Cdz, and

take

dω = dA ∧ dx+ dB ∧ dy + dC ∧ dz

=

(
∂A

∂x
dx+

∂A

∂y
dy +

∂A

∂z
dz

)
∧ dx+

(
∂B

∂x
dx+

∂B

∂y
dy +

∂B

∂z
dz

)
∧ dy +

(
∂C

∂x
dx+

∂C

∂y
dy +

∂C

∂z
dz

)
∧ dz

=
∂A

∂y
dy ∧ dx+

∂A

∂z
dz ∧ dx+

∂B

∂x
dx ∧ dy +

∂B

∂z
dz ∧ dy +

∂C

∂x
dx ∧ dz +

∂C

∂y
dy ∧ dz

=

(
∂C

∂y
− ∂B

∂z

)
dy ∧ dz +

(
∂A

∂z
− ∂C

∂x

)
dz ∧ dx+

(
∂B

∂x
− ∂A

∂y

)
dx ∧ dy.

Similarly, we can identify dω with a vector field which is the curl of ω! Now, finally, for a 2-form

ω = Ady ∧ dz +Bdz ∧ dx+ Cdx ∧ dy.

We can in the same way compute that

dω = dA ∧ (dy ∧ dz) + dB ∧ (dz ∧ dx) + dC ∧ (dx ∧ dy)

=
∂A

∂x
dx ∧ dy ∧ dz +

∂B

∂y
dy ∧ dz ∧ dx+

∂C

∂z
dz ∧ dx ∧ dy

=

(
∂A

∂x
+

∂B

∂y
+

∂C

∂z

)
dx ∧ dy ∧ dz.

Thus, we can identify dω with the divergence function! Now, we see that these familiar functions in R3 are really
just a special case of the exterior derivative:

Ω0(R3) Ω1(R3) Ω2(R3) Ω3(R3)

C∞(R3) Γ(TR3) Γ(TR3) C∞(R3)

d

∼=

d

∼=

d

∼= ∼=

To conclude, we recall the fact from multivariable calculus that curl(grad f) = 0 and div(curl f) = 0, which
we can see now as a result of our Theorem 2.1!

3.1 Extra

One nice property that we learn in multivariable calculus is that in Rn, dω = 0 =⇒ ω = dη for some η. This
fact tells us that: if the gradient of a function is 0, it is constant; if the curl of a function is 0, it is the gradient of a
function (i.e., it is conservative); if the divergence of a function is 0, then it is the curl of a function. This is not the
case for a general manifold:



Example. Recall, our globally defined 1-form for T ∗S1, ω, which is the restriction of−ydx+xdy to S1. Now,
we know that because S1 is a one-dimensional manifold:

Ω2(S1) = 0.

Then, automatically we have that dω = 0. Then, assume that ω = dg for some smooth g : S1 → R. We know
that S1 is compact and therefore g will attain local maxima and minima, and at these points ω = dg will vanish.
However, ω is never 0, a contradiction.

(In fact, from the theory of De Rham cohomology we can derive topological criteria for this failure.)


	Differential 1-forms
	The cotangent bundle
	A basis for TM?

	Differential k-forms, the wedge product, and the exterior derivative
	A basis for Ak(T M)?
	The exterior derivative

	The culmination
	Extra


