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1 Motivation

Are length of graph on leftabright for gammalefttrightleftxlefttrightylefttrightright

Lint_abintxlefttright2ylefttright2dtint_ableftgammalefttrightrightdtleftvrightsqrtvcdotv
only geometry inside this tormal is dot predut

speed is sqrtr1cdotr1
but you don't know how

long a ventor is on a manifold

velocities are just tangest vectors tangent

spare is ventor spare scale and add but no leash

need to choose rule to give us leasth
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2 Inner produits

Det inner product on vector space V is leftlanglerightrangleVtimesVrightarrowmathbbR

wuvinVainmathbbRwhith
bilinear leftlangleavurightranglealeftlanglevurightrangle

leftlangleuvwrightrangleleftlangleuwrightrangleleftlanglevwrightrangle
and vise versa

ii symmetric leftlangleuvrightrangleleftlanglevurightrangle
iii positive definite leftlanglevvrightranglegeq0 with equality

as puaries gp
varies smoothly c

gigIplsmooth
if and only it V0

eatusof

Def Riemannian metric is a smoothly varying inter

product at tangent space at
each point

gp 1pm timesTpMrightarrowmathbbR pinM
inner predit at p

takes pairs of vectes andspits numberg is
metric tensor

Riemannian manifold
is diffentiable manifoldwith

Riemannian metric g

TpMV where t1 alpha1 are basis at p

xx1delta1x2alpha2yy1alpha1y2alpha2here

try to find Lxy7 Assuming bilinearity symmetry

leftlanglex1alpha1x2alpha2y1alpha1y2alpha2rightrangle
leftlanglex1alpha1y1alpha1y2alpha2rightranglelanglex2alpha2 y1alpha1y2alpha2rangle

x1leftlanglealpha1y1alpha1y2alpha2rightranglex2alpha2 y1alpha1y2alpha2rangle
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x1leftlanglealpha1yalpha1rightranglex1leftlanglealpha1y2alpha1rightranglex2leftlanglealpha2yalpha1rightranglex2leftlanglealpha2yalpha2rightrangle
x1y1leftlanglealpha1alpha1rightranglex1y2alpha1alpha2rangle

x2y1alpha2alpha1x2y2alpha1alpha2leftbeginmatrixx1x2endmatrixrightleftbeginmatrixleftlanglealpha1alpha1rightrangleleftlanglealpha1alpha2rightrangleleftlanglealpha2alpha1rightranglelanglealpha2alpha2rangleendmatrixrightleftbeginmatrixy1y2endmatrixright

backslash

Gleftpright
lceil

or can also denote as gpleftxyrightequivxTGy
belane leftlanglealpha1alpha2rightrangleleftlanglealpha2alpha1rightrangle

leftlanglexyrightrangle
G

delicate

Symnetri
because leftlanglexyrightrangle is

Notice

positive
pos def by definite

G in xTGyleftxcdotyright
is pos def

Apdx 2

G on
basis element as follows alpha1 t

G12leftlanglealpha1alpha2rightrangle
define

G11leftlanglealpha1alpharightrangle
G21leftlanglet2t1rightrangle

can represent this as
G12leftlanglealpha2alpha2rightrangleGleftbeginmatrixG11G11G21G12endmatrixright

Capital G is matrix tht repress

gC not a matrix just mapping

G smoothly varies each entry is smooth

thators
smoothly varying

is local property

do It



Example Ordinary plane MR2 taking dot product on all tangentspace
same old nonvarying in mathbbR2 globaluniform

in standard
basis

e2partialyleftrightarrowleftbeginmatrix01endmatrixrighte1partialxleftrightarrowleftbeginmatrix10endmatrixright
dottedtest

Gleftbeginmatrixq11q11q21q72endmatrixrightleftbeginmatrix1001endmatrixright
which is a instant faction shooth
this is metric on standard basis of Ealidian space

so it is

the standard enclidian metric

how do we get the aucleasth form we want to

get the length of a venter which is sqrtleftlanglevvrightrangleleftvright
for veto vleftbeginmatrixv1v2endmatrixright we have dxleftvrightv1dyleftvrightv2

leftlangleVVrightrangleg11dx22g12dxdyg22dy2q leftq11V122g12V1V2g22V22rightrightarrowgleftvvright
but for standard euclidian metre g11g2frac21g120

quadratin term

so we had v12v22dx2dy2 which is lengthelemen

leftdx1dy2rightleftvright tit you polarize this you get back

entidian metris which is what some call it same into
be praise

with tiny step SleftdS2dx2dg2right over tiny l

leftfracdsdtright2g11leftfracdxdtright22g12fracdxdtfracdydt 922leftfracdydtright2
write in derivatives

slefttrightint_atleftrleftTrightrightdTsqrtgrlefttrightleftrlefttrightrlefttrightrightdt



Lleftrrightint_absqrtgleftrlefttrlefttrightrightrightdt asis gammalefttrightleftxlefttrightylefttrightright
lint_absqrtqic2g12xiyg22y2dtrightarrowintsqrtx2y2

traditional
physics
notation

r
Example

varphiDleft02pirighttimesmathbbRrightarrowmathbbR2backslashsol
s1 theta

sqrtdomain
theta

xrcosthetayrsintheta

varphileftdx2dright1dleftrcosthetaright2dleftrsinthetaright2leftcosthetadrrsinthetadthetaright2leftsinthetadrriosthetadthetaright2cos2thetadr22rsinthetacosthetaddthetar2sin2thetadtheta2sin2thetadr22vsinthetacosthetadrdthetar2cos2dtheta2

r2leftsin21072rightdtheta2leftsin2co2rightdr2
r2dhatthetadr2

restrict to SleftRright so V i not changing

gSR2dtheta2 I GleftR2rightso we have

Sime volume form it ardens

I

the

t

or

G

a 1
we'd all

is

dsd ud sqrtR2dthetanRdthetarightarrowcdotint_02piRdtheta2piR
gleftdthetadthetarightH



Also if you use least thetattinleft02piright 10 rlefttrightJthetagleftrright
Lint_02pisqrtgleftrrrightdtint_02pisqrtR2dt2piR they coinideon S here b2f2

s2 volume form is surface area length formula
measures curve

on sphere
P

phi

sphere s2 in
mathbbR3

e
distane from 0 phi angle train north pole

theta longitude

Express in spherial cordinate

psileftrhophithetarightleftrhosinvarphicosthetarhosinphisinthetarhocosphiright
psileftdx2dy2dz2rightdrho2rho2dphi2rho2sin2phidtheta2

we
restrict to S2leftRrightiileftphithetarightHleftRphithetaright wi

1

th

PR fixed

1 leftde2right0cdotileftrho2dphi2rightR2dphi2
ileftp2sin2phidtheta2rightR2sin2phidtheta2

Rievaurian

metricR2leftdphi2sin2phidtheta2rightGR2leftbeginmatrix100sin2phiendmatrixright



volume tolmsqrtMeGcdotdphiwedgedtheta
theta meridiac

fix
gR2dphi2 I

airleroding sqrtR4sin2phidphiwedgedthetaR
fix phi

lattituleci.ie

9IR s inphil2dtheta2 1

so sink
radius Rsid

R2sinphidphiwedgedtheta dual

int_02piint_0piR2sinphidphidtheta4piR2 Surface

area of sphere

4 Final Closing
thoughts

it we have inner product on
venter spare leftlanglerightrangle

dad

then we get a
isomorphism vsimeqv because

we can just fix vinV and are VrightarrowleftlangleVrightrangle which

linear
is a map on a ventor to R which is by definition an element

of dual spare

it we have Riemannian metric on every
tangent space

then at each pinM we have iso TpleftMrightrightarrowTpleftMright
belause VpleftrightarrowgpleftVpright for vpinTpleftlangleMrightrangle

Ventor teilds simeq1 forms VrightarrowgleftVright ingeneral

So
so

diffent metric means different
isomorphism Apax 1

frightarrowdfsim Grodt by definition

go from forms to vector teild too
Cac



eg dffracpartialfpartialxdxfracpartialfpartialydz gradtleftlanglefracpartialfpartialxfracpartialfpartialyrightrangle
by definition gG re dfvdfleftvrightvleftfright
here dfleftvrightvleftfright is date of changes with v

paired with u using metric

reproduces that rate
gradient is vector that

Appendix

VsimeqV
dinn

awh isomorphic

dimn
0

nuleftrightarrowleftlangleVrightrangle since we are linear

because leftlanglerightrangle is linear in second slot linear intirstilot

show k1phileft0right we will k an isomorphism

becaun we will have tall rank same dimension

Beau inner product
is positive

definite m know will be

V0
isomorphic

Uther leftlanglevrightrangle6Leftrightarrowleftlanglevwrightrangle0forallw
Lyu 70 byposde

2 spectral
theorem it ATA then eigenches are real

and and eigenveters chosen
to be orthogonal

leftlanglevvrightranglevTleftAvrightvTleftlambdavrightlambdaleftvTvrightlambdaleftvright20lambda0it Avlambdav

OR let cleftbeginmatrixc112endmatrixright wc1alpha1c2alpha2

byliurity cTbcsum_ijcicjleftlanglealphaialphajrightrangleleftlanglewcrightrangle
the alpha are a basis 000 means wneq0

and by pos def Lww0G it pos dey

by definition it 1TG0 to every nonzero C
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